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 .   .. a y t xy1Let P x s 1rG x H e t dt be the chi square distribution function, anda 0
 .let M u, ¨ ; a be the weighted power mean of order t. We prove the following: Ift
 .  .  .x, y ) 0 x / y and a g 0, 1 are fixed real numbers, then the inequalities
M P x , P y ; a - P a x q 1 y a y - M P x , P y ; a .  .  .  .  . . .  .r a a a s a a
are valid for all real numbers a ) 0 if and only if r F 0 and s s `. In particular,
 .  .we obtain that for all a ) 0 the function x ¬ P x is log-concave on 0, ` . Thisa
proves a conjecture of M. Merkle. Q 1998 Academic Press
1. INTRODUCTION
 .The chi square distribution function P x is defined for all positive reala
numbers x and a by the ratio
P x s g x , a rG x , .  .  .a
where
` a
yt xy1 yt xy1G x s e t dt and g x , a s e t dt .  .H H
0 0
denote the gamma function and the incomplete gamma function, respec-
 .tively. P x has a close connection to probability theory. If j , . . . , j area 1 n
n independent and identically distributed random variables each following
a normal distribution with mean 0 and variance 1, then the sum
n
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is said to follow the chi square distribution with n degrees of freedom. The
2  .  w x .probability that x F a is equal to P nr2 . See 1, Chapter 26 .n ar2
w xIn 1993, Merkle 8 presented several interesting new inequalities for
 .P x . One of his results states:a
If a ) 0 and x ) 0, then
2
P x P x q 2 - P x q 1 . .  .  . .a a a
 .Inspired by this inequality, Merkle conjectured that P x is logarithmi-a
 .cally concave log-concave with respect to x. In this paper we prove this
conjecture.
 .  .Let u, ¨ ) 0 and a g 0, 1 be real numbers; if we denote by M u, ¨ ; at
the weighted power mean of order t, that is,
1r tt tM u , ¨ ; a s a u q 1 y a ¨ t / 0 , .  .  . .t
M u , ¨ ; a s ua¨ 1ya , .0
M u , ¨ ; a s min u , ¨ , M u , ¨ ; a s max u , ¨ , .  .  .  .y` `
 .then the log-concavity of x ¬ P x can be written asa
M P x , P y ; a F P a x q 1 y a y . 1.1 .  .  .  . . .0 a a a
 .  w x.  .Since t ¬ M u, ¨ ; a is increasing on R see 7, p. 26 , inequality 1.1t
leads to the problem of determining sharp upper and lower bounds for
  . .P a x q 1 y a y in terms of weighted power means. It is the aim of thisa
paper to solve this problem.
2. THE MAIN RESULT
Our main result is the following
 .  .THEOREM. Let x, y ) 0 x / y and a g 0, 1 be real numbers. The
inequalities
M P x , P y ; a - P a x q 1 y a y .  .  . . .r a a a
- M P x , P y ;a 2.1 .  .  . .s a a
are ¨alid for all positi¨ e real numbers a if and only if r F 0 and s s `.
 .Proof. First, we prove the left-hand inequality of 2.1 with r s 0, that
is,
a 1ya
P x P y - P a x q 1 y a y . 2.2 .  .  .  . . .  .a a a
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 .To establish 2.2 it suffices to show that
­ 2
log P x - 0 for x ) 0 and a ) 0. 2.3 .  .a2­ x
A simple calculation yields
­ 22
g x , a log P x .  . . a2­ x
2a a a2yt xy1 yt xy1 yt xy1s e t log t dt e t dt y e t log t dt .H H H
0 0 0
2a
yt xy1y e t dt c 9 x , .H
0
2.4 .
where c s G9rG. Let x ) 0 be a fixed real number. We denote the
 .  .expression on the right-hand side of 2.4 by f a .
Differentiation leads to
a a2 2a 1yx yt xy1 yt xy1e a f 9 a s log a e t dt q e t log t dt .  .  .H H
0 0
a a
yt xy1 yt xy1y2 log a e t log t dt y 2c 9 x e t dt .H H
0 0
s g a , say. 2.5 .  .
We have
a a ae
1yx a yx yt xy1 yt xy1a g 9 a s e a log a e t dt y e t log t dt y c 9 x .  .H H2 0 0
1 a1ys. xy1s e s log 1rs ds y c 9 x .  .H
0
s h a , say. 2.6 .  .
Using the integral representation
s xy1 11
c 9 x s log ds . H  /1 y s s0
 w x.see 6, p. 802 , we obtain
s x1




a yx yt xy1 yt xy1h a s e a log a e t dt y e t log t dt y c 9 x , .  .H Hlog a0 0
we conclude
lim h a s `. 2.8 .  .
aª`
Since
1 a1ys. xy1h9 a s e 1 y s s log 1rs ds ) 0, .  .  .H
0
 .  .  .h is strictly increasing on 0, ` . Thus, 2.7 and 2.8 imply that there exists
 .  .  .a number a ) 0 such that h - 0 on 0, a and h ) 0 on a, ` . From 2.6
 .we conclude that g is strictly decreasing on 0, a and strictly increasing on
 .  .  .a, ` . Since lim g a s 0 and lim g a s `, there exists a numberaª 0 aª`
 .  .  .a* ) 0 such that g - 0 on 0, a* and g ) 0 on a*, ` . Hence, 2.5
 .implies that f is strictly decreasing on 0, a* and strictly increasing on
 .  .  .  .a*, ` . Since f 0 s lim f a s 0, we get f a - 0 for a ) 0. Thisaª`
 .completes the proof of inequality 2.3 .
 .Next, we establish the second inequality of 2.1 with s s `, that is,
P a x q 1 y a y - max P x , P y . 2.9 .  .  .  . .  .a a a
 .  .We prove that the function x ¬ P x is strictly decreasing on 0, ` .a
Differentiation yields
a 1 ­
yt xy1e t dt P x .H aP x ­ x .0 a
a a
yt xy1 yt xy1s e t log t dt y c x e t dt. 2.10 .  .H H
0 0
Let x ) 0 be fixed. We denote the difference on the right-hand side of
 .  .2.10 by F a . Then we obtain
ya xy1F9 a s e a log a y c x . .  .
This implies that there exists a number a ) 0 such that F9 is negative onÄ
 .  .  .0, a and positive on a, ` . Hence, F is strictly decreasing on 0, a andÄ Ä Ä
 .  .  .strictly increasing on a, ` . Since F 0 s lim F a s 0, we concludeÄ aª`
 .  .  .  .that F a - 0 for a ) 0. From 2.10 we get ­r­ x P x - 0 for a ) 0a
 .and x ) 0, which implies inequality 2.9 .
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We assume that there exists a real number r ) 0 such that
M P x , P y ; a - P a x q 1 y a y 2.11 .  .  .  . . .r a a a
 .is valid for all a ) 0. Inequality 2.11 leads to
r
a P x rP a x q 1 y a y .  . .a a
rq 1 y a P y rP a x q 1 y a y - 1. 2.12 .  .  .  . .a a
Since
0, if x ) z ,lim g x , a rg z , a s .  .  `, if x - z ,aª0
 .  .  .we conclude from min x, y - a x q 1 y a y - max x, y , that the sum
 .on the left-hand side of 2.12 tends to ` if a tends to 0. Thus, the first
 .inequality of 2.1 is valid for all a ) 0 only if r F 0.
Finally, we assume that there exists a real number s ) 0 such that
P a x q 1 y a y - M P x , P y ; a .  .  . .  .a s a a
holds for all positive a. This implies
ss s
G a s a P x q 1 y a P y y P a x q 1 y a y ) 0 .  .  .  .  . . .  .  .a a a
2.13 .
for a ) 0. We may suppose that x - y. Differentiation leads to
ea
1yya G9 a .
s
sy1 sy1y1 y1xyys a P x a G x q 1 y a P y G y .  .  .  .  . .  . .  .a a
sy1 y1a  xyy .y P a x q 1 y a y a G a x q 1 y a y . .  . .  . . .a
2.14 .
 .If a tends to `, then the expression on the right-hand side of 2.14 tends
 .  .to 1 y a rG y . Hence, there exists a number a ) 0 such that G isÃ
 .  .strictly increasing on a, ` . This implies, since lim G a s 0, that G isÃ aª`
 .  .negative on a, ` , which contradicts inequality 2.13 . Therefore, theÃ
 .second inequality of 2.1 holds for all a ) 0 only if s s `. This completes
the proof of the theorem.
 .  .  .  .Remarks. 1 Inequalities 2.2 and 2.9 state: If a ) 0 is a fixed
 .real number, then the chi square distribution function P x sa
 .  .  . g x, a rG x is strictly log-concave and strictly quasi-convex on 0, ` . A
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summary of the main properties of quasi-convex functions can be found in
w x .  .the monograph 10, Section 81 . Since the function x ¬ ylog P x isa
 .strictly convex on 0, ` and satisfies, as a simple calculation reveals,
  ..lim ylog P x s 0, we conclude that ylog P is strictly superaddi-x ª 0 a a
tive, that is, we have
P x q y - P x P y x , y ) 0 ; .  .  .  .a a a
w xsee 11 .
 . w x  .  .  .2 In 8 it is proved that x ¬ G x q 1 P x a ) 0 is strictlya
 .  .log-convex on 0, ` . This result and inequality 2.2 lead to upper and
lower bounds for the ratio
a 1ya
Q x , y ; a s P x P y rP a x q 1 y a y , .  .  .  . . .  .a a a a
 .which do not depend on a. We obtain, for x, y ) 0 x / y ,
G a x q 1 y a y q 1 . .
- Q x , y ; a - 1. 2.15 .  .aa 1ya
G x q 1 G y q 1 .  . .  .
Since
lim Q x , y ; a .a
aª0
ya ay1s G a x q 1 y a y q 1 G x q 1 G y q 1 .  .  . .  .  .
and
lim Q x , y ; a s 1, .a
aª`
 .we conclude that both bounds given in 2.15 are the best possible.
 .If we set a s 1r2, x s n, and y s n q 2 where n is a natural number ,
 .then 2.15 provides inequalities for the remainder of the Maclaurin series
of the exponential function,
n ka
aI a s e y . . n k!ks0
 . a  .Since I a s e P n q 1 , we get, for a ) 0 and n s 1, 2, . . . ,n a
n q 1 I a I a .  .ny1 nq1
- - 1; 2.16 .2n q 2 I a . .n
w x  .see 8 . The left-hand inequality of 2.16 has been investigated in the
w x w xrecent past by several authors; see 2]5 and 9 .
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